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1
$(X, \Vert\cdot\Vert)$ 2 $x_{1},$ $x_{2}\in X$
$\Vert x_{1}+x_{2}\Vert\leqq\Vert x_{1}\Vert+\Vert x_{2}\Vert$
$n$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}\in X$
$\Vert\sum_{i=1}^{n}x_{i}\Vert\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert$
1.1 $(X, \Vert\cdot\Vert)$ $n$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}\in X$
(i) $\Vert\sum_{i=1}^{n}x_{i}\Vert+C\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert$ $C$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$
(ii) $\sum_{i=1}^{n}\Vert x_{i}\Vert\leqq\Vert\sum_{i=1}^{n}x_{i}\Vert+D$ $D$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$
(i) (ii)
1.1
1.2 $(X, \Vert\cdot\Vert)$ $n$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}\in X$
$0 \leqq C\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert-\Vert\sum_{i=1}^{n}x_{i}\Vert\leqqD$
$C,$ $D$ $x_{1},$ $x_{2},$ $\cdots$ , $x_{n}$
2005 - - [8]
Hudzik-Landes [5] $n$
1893 2014 5-12 5
1.3 ([8, Theorem 1]) $X$ $0$ $n$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$
$0 \leqq(n-\Vert\sum_{i=1}^{n}\frac{x_{i}}{\Vert x_{i}\Vert}\Vert)\min_{1\leqq i\leqq n}\Vert x_{i}\Vert\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert-\Vert\sum_{i=1}^{n}x_{i}\Vert\leqq(n-\Vert\sum_{i=1}^{n}\frac{x_{i}}{\Vert x_{i}\Vert}\Vert)\max_{1\leqq i\leqq n}\Vert x_{i}\Vert$
(cf. [2, 4, 6, 7, 9, 13]) 1 - - [11]
1.3
1.4 ([11, Theorem 1]) $X$ $0$ $n$ $x_{1},$ $x_{2},$ $\cdots$ , $x_{n}$
$0 \leqq\sum_{k=2}^{n}(k-\Vert\sum_{i=1}^{k}\frac{x_{i}^{*}}{\Vert x_{i}^{*}\Vert}\Vert)(\Vert x_{k}^{*}\Vert-\Vert x_{k+1}^{*}\Vert)$
$\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert-\Vert\sum_{i=1}^{n}x_{i}\Vert$
$\leqq\sum_{k=2}^{n}(k-\Vert\sum_{i=n-(k-1)}^{n}\frac{x_{i}^{*}}{\Vert x_{i}^{*}\Vert}\Vert)(\Vert x_{n-k}^{*}\Vert-\Vert x_{n-(k+1)}^{*}\Vert)$ ,
$X_{i}^{*}$ $\Vert x_{1}^{*}\Vert\geqq\Vert x_{2}^{*}\Vert\geqq\cdots\geqq\Vert x_{n}^{*}\Vert$ , $x_{0}^{*}=x_{n+1}^{*}=0$ $x_{i}$











$(X, \Vert\cdot\Vert)$ $x_{1},$ $x_{2}\in X$
$p,$ $q\in[0, \infty)$
$\ovalbox{\tt\small REJECT}(p, q)^{d}=^{ef}\Vert px_{1}\Vert+\Vert qx_{2}\Vert-\Vert px_{1}+qx_{2}\Vert\geq 0$
6
$\tau_{2}$ $\tau_{2}$
$[0, \infty)\cross[0$ , oo $)$ $[0, \infty)$
$s_{1},$ $s_{2},$ $t_{1},$ $t_{2}\in[0, \infty)$
$\tau_{2}(s_{1}, s_{2})\leq\tau_{2}(s_{1}, s_{2})+\tau_{2}(t_{1}, t_{2})\leq\tau_{2}(s_{1}+t_{1}, s_{2}+t_{2})$
$\tau_{2}$ 1.3
$\tau_{2}$
$( (\mathfrak{y} s_{i}+t_{i}=1, (i=1,2) \Rightarrow 0\leq\tau_{2}(s_{1}, s_{2})\leq\tau_{2}(1,1)$
( ) $s_{1}=s_{2}=1$ $\Rightarrow$ $\tau_{2}(1,1)\leq\tau_{2}(1+t_{1},1+t_{2})$
$( \{\mathfrak{y} s_{1}, s_{2}\in[0,1] \Rightarrow 0\leq\tau_{2}(s_{1}, s_{2})\leq\tau_{2}(1,1)$
( ) $t_{1},$ $t_{2}\in[1, \infty)$ $\Rightarrow$ $\tau_{2}(1,1)\leq\tau_{2}(t_{1}, t_{2})$
2.1 [10, Corollary 3] $x_{1},$ $x_{2}\in X$ $s_{1},$ $s_{2}\in[0,1],$ $t_{1},$ $t_{2}\in[1, \infty)$
$0\leq\tau_{2}(s_{1}, s_{2})\leq\tau_{2}(1,1)\leq\tau_{2}(t_{1}, t_{2})$
$0\leq\Vert s_{1}x_{1}\Vert+\Vert s_{2}x_{2}\Vert-\Vert s_{1}x_{1}+s_{2}x_{2}\Vert$
$\leq\Vert x_{1}\Vert+\Vert x_{2}\Vert-\Vert x_{1}+x_{2}\Vert$






2.2 $x_{1},$ $x_{2},$ $x_{3}\in X$ $p,$ $q,$ $r\in \mathbb{R}$ $\tau_{3}$
$\tau_{3}(p, q, r)^{d}=^{ef}\Vert px_{1}\Vert+\Vert qx_{2}\Vert+\Vert rx_{3}\Vert-\Vert px_{1}+qx_{2}+rx_{3}\Vert$
$\tau_{3}$
$s_{i}+t_{i}\leq 1(i=1,2,3)$ $s_{i},$ $t_{i}\in[0,1]$









$L_{n}=\{a=(a_{ij})\in M_{n}([0,1])| a_{ij}=0 (i<j)\}.$
$m$ $1\leq m\leq n$ $L_{n}$ $a=(a_{ij})$
$\ell_{mj}^{a}(m)=a_{mj} (1\leq j\leq m)$
$2\leq n$ $m(2\leq m\leq n)$
$\ell_{ij}^{a}(m)=a_{ij}\prod_{k=i+1}^{m}(1-a_{kj}) (1\leq i\leq m-1,1\leq j\leq m)$ .
- -
2.3 [10, Theorem 3.2] $n\geqq 2$ $L_{n}$ $a=(a_{ij})$
$X$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$
$\sum_{i=1}^{n}(\sum_{j=1}^{i}\Vert\ell_{ij}^{a}(n)x_{j}\Vert-\Vert\sum_{j=1}^{i}\ell_{ij}^{a}(n)x_{j}\Vert)\leq\sum_{j=1}^{n}\Vert x_{j}\Vert-\Vert\sum_{j=1}^{n}x_{j}\Vert$ (1.1)
$X$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ $\tau_{i}$
$\tau_{i}(s_{1}, s_{2}, \ldots, s_{i})=\sum_{j=1}^{i}\Vert s_{j}x_{j}\Vert-\Vert\sum_{j=1}^{i}$sjxj $\Vert$ $(1\leq i\leq n, s_{j}\in \mathbb{R})$
(1.1)








(i) $\Vert\sum_{j=1}^{n}x_{j}\Vert=\sum_{j=1}^{n}\Vert x_{j}\Vert$ ;
(ii) $\Vert x_{j}\Vert x_{i}=\Vert x_{j}\Vert x_{i}$ $(\forall i,j\in\{1, \cdots, n\})$ .
[14] (1.1)
$a=(a_{ij})\in L_{n}$ 1
3.2 $n\geq 2$ $L_{n}$ $a=(a_{ij})$ $X$ $0$
$x_{1},$
$\ldots,$
$x_{n}$ $a_{ij}\in[0,1)(i>j)$ $a_{ii}=1(i\in\{1, \ldots, n\})$
$\sum_{i=1}^{n}(\sum_{j=1}^{i}\Vert\ell_{ij}^{a}(n)x_{j}\Vert-\Vert\sum_{j=1}^{i}\ell_{ij}^{a}(n)x_{j}\Vert)=\sum_{j=1}^{n}\Vert x_{j}\Vert-\Vert\sum_{j=1}^{n}x_{j}\Vert$
$\alpha_{j}(j\in\{1, \ldots, n\})$ $x_{j}=\alpha_{j}x_{1}$
$\sum_{j=1}^{i}\alpha_{j}\ell_{i}^{a_{j}}(n)\geq 0(i\in\{1, \ldots, n\})$
1.3 1.4 $L_{n}$ $a=(a_{ij})$ 3.2
3.2




$\sum_{i=1}^{n}(i-\Vert\sum_{j=1}^{i}\frac{x_{j}}{\Vert x_{j}\Vert}\Vert)(\Vertx_{i}\Vert-\Vert x_{i+1}\Vert)=\sum_{j=1}^{n}\Vert x_{j}\Vert-\Vert\sum_{j=1}^{n}x_{j}\Vert$
$1=\alpha_{1}>|\alpha_{2}|>$ . . . $>|\alpha_{n}|$ $\alpha_{j}(j\in$
$\{1, \ldots, n\})$ $x_{j}=\alpha_{j^{X}1}(i\in\{1, \ldots, n\})$ $\sum_{j}^{i_{=1}}\frac{\alpha_{j}}{|\alpha j|}\geq 0(i\in\{1, \ldots, n\})$
Dehghan[3] - -
1.3 1.4
3.4 ([3, Theorem 2.1]) $x_{1},$ $x_{2},$ $\ldots,$ $x_{n}$ $(X, \Vert\cdot\Vert)$ $0$





3.5 [15, Corollary 3.3] $x_{1},$ $x_{2},$ $\ldots,$ $x_{n}$ $(X, \Vert\cdot\Vert)$ $0$
$p_{i}\geq 0$ $q_{i}>0(i\in\{1, \ldots, n\})$ $p_{1}/q_{1}\geq\cdots\geq p_{n}/q_{n}$
$\sum_{j=2}^{n}(\frac{p_{j}}{q_{j}}-\frac{p_{j+1}}{q_{j+1}})(\sum_{i=1}^{j}q_{i}\Vert x_{i}\Vert-\Vert\sum_{i=1}^{j}q_{i}x_{i}\Vert)=\sum_{j=1}^{n}p_{j}\Vert x_{j}\Vert-\Vert\sum_{j=1}^{n}p_{j^{X}j}\Vert$
$\alpha_{j}(i\in\{1, \ldots, n\})$ $x_{j}=\alpha_{j}x_{1}$
$\sum_{j}^{i}=1\alpha_{j}q_{j}\geq 0(i\in\{1, \ldots, n\})$ $\frac{p_{n+1}}{q_{n+1}}=0$
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